Abstract Let M be a subharmonic function with Riesz measure µ M on the unit disk D in the complex plane C. Let f be a nonzero holomorphic function on D such that f vanishes on Z ⊂ D, and satisfies | f | ≤ exp M on D. Then restrictions on the growth of µ M near the boundary of D imply certain restrictions on the distribution of Z. We give a quantitative study of this phenomenon in terms of special non-radial test functions constructed using ρ-trigonometrically convex functions.
functions u with constraints on their growth in C, and in R m [5, § § 2-3], 2 < m ∈ N, where R is the real line in C, and ∆ is the Laplace operator acting in the sense of the theory of distributions. We use ρ-trigonometrically convex functions to study of zero sequences of holomorphic functions with restrictions to their growth in the unit disk D := {z = re iθ : 0 ≤ r < 1, θ ∈ R} ⊂ C; (1.1d)
R +∞ = R ∪ {+∞}, R ±∞ := R −∞ ∪ R +∞ , R * := R \ {0}, (1.1r) R + := {x ∈ R : x ≥ 0} ⊂ C, R + * := R + \ {0}.
(1.1+)
Let S ⊂ C. By Hol(S), har(S), sbh(S), δ -sbh(S) := sbh(S) − sbh(S), C k (S) for k ∈ N ∪ {∞}, we denote resp. the classes of holomorphic, harmonic, subharmonic, δ -subharmonic [9, 3.1], continuously k times differentiable functions u on an open set O u ⊃ S. But C(S) is the class of all continuous functions on S. We denote the function identically equal to resp. −∞ or +∞ on S by the same symbols −∞ or +∞, and sbh * (S) := sbh(S) \ {−∞}, δ -sbh * (S) := δ -sbh(S) \ {±∞}, Hol * (S) := Hol(S) \ {0},
where the symbol 0 is used to denote the number zero, the origin, zero vector, zero function, zero measure, etc. The positiveness is everywhere understood as ≥ 0 according to the context. Definition 1 ([16, 8.1] , [2] ) Let ρ ∈ R + * . A 2π-periodic function h : R → R is called a ρ-trigonometrically convex function if
and for all θ 1 , θ 2 ∈ R such that 0
Further, the class of all 2π-periodic ρ-trigonometrically convex function on R is denoted as ρ-trc, ρ-trc
We recall some properties of 2π-periodic ρ-trigonometrically convex functions that can be found in the works [15] , [16] , [14] , [2] , [17] , [1] .
(iv) A 2π-periodic continuous function h belongs to the class ρ-trc if and only if h + ρ 2 h ≥ 0 in the sense of the distribution theory. (v) A 2π-periodic continuous function h belongs to the class ρ-trc if and only if the function z = re iθ → h(θ )r ρ is subharmonic on C. (vi) If h ∈ ρ-trc + and ρ ≤ ρ ∈ R + , then h ∈ ρ -trc + , i.,e., ρ-trc + ⊂ ρ -trc + . (vii) If a sequence of functions h n ∈ ρ-trc + , n ∈ N is decreasing, then the function h := lim n→∞ h n belongs to the same class ρ-trc + .
Example 1 Let ρ ∈ R + . The 2π-periodic continuation of the function
belong to the class ρ-trc + .
Example 2 Let S ⊂ C be a bounded subset. Then the support function k S (θ ) := sup s∈S Re (se −iθ ) of S belongs to the class 1-trc. If 0 ∈ S, then k S ∈ 1-trc + . For ρ ∈ R + , the ρ-support function of ρ-convex domain S ⊂ C belongs to the class ρ-trc, and this ρ-support function belongs to the class ρ-trc + , when 0 Example 3 Let u be a subharmonic function on C, and lim sup z→∞ u(z)
belongs to the class ρ-trc. See [15] , [16] , [14] , [2] , [17] for u := log | f | with an entire function f on C.
Let O ⊂ C be an open subset, and let
be a sequence on O without limit points in O. Some points z k can repeat. It is also possible that Z = ∅ is empty. We associate with each sequence Z the integer-valued positive counting measure n Z on O by setting
is the number of points z k lying in S. We denote by the same symbol as the sequence Z the function Z : z → n Z {z} , z ∈ O, the divisor of the sequence Z. In particular, we have supp Z := supp n Z for the support supp; Z ⊂ D means that supp Z ⊂ D; z ∈ Z (resp., z / ∈ Z) means the same as z ∈ supp Z (resp., as z / ∈ supp Z). Departing from the usual treatment of a sequence as a function of an integer or a positive integer variable we say that a sequence Z coincides with a sequence Z or that they are equal (we write Z = Z ) if for the associated divisors we have Z(z) ≡ Z (z) for all z ∈ O. In other words, we regard a point sequence as a representative of the equivalence class containing the sequences in O with equal divisors. An embedding
We denote by Zero f the zero sequence of the function f ∈ Hol * (O) in O numbered with multiplicities taken into account. Then [18, Theorem 3.7.8]
is the Riesz measure of function log | f | ∈ sbh * (O).
For r ∈ R + and z ∈ C, we set D(z, r) :
The class of all Borel real measures, i.e., charges, on a Borel subset S ⊂ C is denoted by Meas(S), and Meas + (S) ⊂ Meas(S) is the subclass of all positive measures. For a charge µ ∈ Meas(S), we let µ + , µ − and |µ| := µ + + µ − resp. denote its upper, lower, and total variations.
Let h : R → R be a bounded 2π-periodic Borel function on R; µ ∈ Meas(D). We define the radial counting function µ rad (·; h) of charge µ with weight h on [0, 1) as
In particular, the function µ rad (r) := µ rad (r; 1) with weight h ≡ 1 is the classical radial
Here and below, a reference mark over a symbol of (in)equality, inclusion, or more general binary relation, etc. means that this relation is somehow related to this reference. For −∞ ≤ r < R ≤ +∞ always = : O be a sequence , h ∈ trc + , and g : R + → R + be a convex function with g(0) = 0. If a function f ∈ Hol(D) vanishes on Z, satisfies the inequality | f | ≤ exp M on D, and
then f is the zero function, i. e., f ≡ 0 on D.
In the case M = 0 with µ M = 0, g(x) ≡ x, x ∈ R + , and h ≡ 1 ∈ 0-trc + , the condition (1.11Z) contradicts the classical Blaschke condition ∑ k (1 − r k ) < +∞. So, the Nevanlinna theorem on the distribution of zeros of bounded holomorphic functions shows that our Uniqueness Theorem is accurate in this case. By const a 1 ,a 2 ,... ∈ R we denote constants that, in general, depend on a 1 , a 2 , . . . and, unless otherwise specified, only on them; const + ... ≥ 0. Main Theorem Let M ∈ δ -sbh * (D) and u ∈ sbh * (D) are functions, resp., with Riesz charge µ M := 
holds for any 
The cases u = M and M = log | f |, Z = Zero f , show that the inequalities (1.12) and (1.13) uniform with respect to [h]-[g] are optimal up to an additive constant C.
Subharmonic test functions and their role
By C ∞ := C ∪ ∞ we denote the one-point Alexandroff compactification of C. For a subset S ⊂ C ∞ , clos S, int S, and ∂ S are the closure,the interior, and the boundary of
If the closure clos S 0 is a compact subset of S in the topology induced on S from C ∞ , then the set S 0 is the relatively compact subset of S, and we write S 0 S. Let
By definition, put 
Then for any point z 0 ∈ int S with M(z 0 ) ∈ R, any number b and the value +∞ is possible for the constant
We use the following simplified version of Theorem A.
Theorem B Under the agreements (2.1), and (2.5), let M∈ δ -sbh * (D) be a function with Riesz charge µ M ∈ Meas(D). Then, for any function u ∈ sbh * (D) with Riesz measure µ u satisfying the inequality u ≤ M on D, we have the inequality
where a constant C := const
Proof There exists always a point z 0 ∈ int S and r 0 ∈ R + * such that [9, 3.1] ∈ ρ-trc + be a 2π-periodic ρ-trigonometrically convex positive function, and let g : R + → R + be a convex function with g(0) = 0. We set
Then the function orem 51]) such that h n ∈ C 2 (R + * ), n ∈ N. The limit of each decreasing sequence of positive subharmonic functions is a subharmonic positive function. Therefore it suffices to prove the subharmonicity of the function (2.12) on D outward D(r ρ ) for the case h ∈ C 2 (R) and g ∈ C 2 (R + * ). The calculation of the Laplace operator of the function (2.12) in polar coordinates (r, θ ) gives
Each convex function g : R + → R + , g ∈ C 2 (R + * ), with g(0) = 0 has the following properties:
x for all x ∈ R + * , and g ∈ C(R + ) is increasing. (2.15)
It follows from (2.14), (2.15), (1.4) that, for h ∈ ρ-trc + ∩C 2 (R),
If r ≥ r ρ , then the right-hand side of the inequalities (2.16) is positive. Therefore the function (2.12) is subharmonic on D \ D(r ρ ). Obviously, the function (2.12) is positive, since the functions h ∈ ρ-trc + , g : R + → R + are positive, and
Besides, in view of (2.15), we have
= b ρ for all r ∈ (r ρ , 1).
So, by Definition 2, in view of (2.17), the function (2.12) belongs to the class (2.13). 
Proofs of main results

Proof (of Main
Under the conditions before (1.8) we have the equality
By Lemma 1, we get from (3.1) the conclusion (1.12) of Main Theorem for ρ ≤ √ 2.
Consider now the case ρ > √ 2, i. e., r ρ 
Hence, by Theorem B, there is a constant C = const + S,M,u = const + ρ,M,u for S := D(r ρ ) such that the inequality (2.9) holds for any function v of the form (2.12). So, we get
It is easy to see that there are constants C := const + ρ,u , C := const
Hence, in view of (3.3), we obtain (3.1) with C := C + C + C = const ρ,M,u for any [g]- [h] . By Lemma 1, we again obtain from (3.1) the conclusion (1.12) of Main Theorem already for the case ρ > √ 2. Let Z be a sequence from (1.5) with O := D, and let f ∈ Hol * (D) be a function that vanishes on the sequence Z ⊂ Zero f and satisfies the inequality u := log | f | ≤ M. By the conclusion (1.12) of Main Theorem, there exists a constant C := const So, if f = 0, then the latter contradicts the condition (1.11Z).
